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Abstract 

We consider 4-uniform hypergraphs with the maximum number of hyperedges 
subject to the condition that every set of 5 vertices spans either 0 or exactly 2 
hyperedges and give a construction, using quadratic residues, for an infinite family of 
such hypergraphs with the maximum number of hyperedges. Baber has previously 
given an asymptotically best-possible result using random tournaments. We give a 
connection between Baber’s result and our construction via Paley tournaments and 
investigate a ‘switching’ operation on tournaments that preserves hypergraphs arising 
from this construction. 


1 Introduction 

For any r > 2, an r-uniform hypergraph and integer n, the Turdn number for 
denoted ex('H, n), is the maximum number of hyperedges in any r-uniform hypergraph on 
n vertices containing no copy of H. The Turdn density of Ti is dehned to be vr('H) = 
lim^^oo ex('R, n) (p ^ and a well-known averaging argument shows that this limit always 
exists. While the Turan densities of graphs are well-understood and exact Turan numbers 
are known for some classes of graphs, few exact results for either Turan numbers or densities 
are known for the cases r > 3. The interested reader is directed to the excellent survey by 
Keevash PI for more details on known Turan results for hypergraphs. 

One particular extremal problem, which has a close connection to the Turan density of 
a particular 3-uniform hypergraph was considered by Frankl and Fiiredi [19]. Recall that 
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a subset of vertices, X, in a hypergraph is said to span an edge A ii A X. In their 
paper, Frankl and Fiiredi considered those 3-uniform hypergraphs that have the property 
that any set of 4 vertices span either 0 or exactly 2 hyperedges. They proved the exact 
and strongly structural result that any such hypergraph is in one of two classes: either it 
is the blow-up of a hxed 3-graph on 6 vertices with 10 edges, or else it is isomorphic to a 
hypergraph obtained by taking vertices as points around a unit circle and then letting the 
hyperedges be those triples whose convex hull contains the origin (assuming that no two 
points he on a line containing the origin). 

This result by Frankl and Fiiredi has an application to the Turan density of a small 
3-uniform hypergraph. Let be the 3-uniform hypergraph on 4 vertices with 3 edges. 
Using a recursive construction based on the 3-uniform hypergraph on 6 vertices mentioned 
above, Frankl and Fiiredi show that > |. Using flag algebra techniques, Baber and 

Talbot [5] showed that the Turan density for K'^ is at most 0.2871. It is conjectured in this 
case that the exact value is 2/7 {e.g. [28]). Many further results on extremal numbers for 
small cliques in hypergraphs can be found, for example, in | 6 l UHl IlHll 2 SlIMlEQl l3^ l3Tj. 

In the same paper, Frankl and Fiiredi ask about the following more general question. 
For any r > 4, what is the maximum number of hyperedges in an r-uniform hypergraph 
with the property that any set of r -|- 1 vertices span 0 or 2 edges? They point out that 
the construction given by points on a circle can be generalized to points on a sphere in 
r — 1 dimensions with hyperedges being simplices containing the origin. Frankl and Fiiredi 
note that such an r-uniform hypergraph has at most (/) 2“'’’''^(1 -|- o(l)) hyperedges for n 
tending to inhnity and that a random choice of vertices on the sphere gives this number of 
hyperedges. 

In this paper, we consider their question in the case r = 4 and give a construction for 
an inhnite family of 4-uniform hypergraphs with the property that every set of 5 vertices 
spans either 0 or 2 hyperedges with the maximum number of hyperedges among all such 
hypergraphs on the same number of vertices. One of the main results of this paper is 
Theorem [H below, whose proof appears in Section[2l Before stating this result, we introduce 
and recall some terminology. Firstly, a 4-uniform hypergraph is dehned to be 3-transitive 
if its automorphism group acts 3-transitively on the vertex set. (An action of a group G 
on a set V is 3-transitive if given two 3-tuples {x, y, z) and (x', y', z') of elements of V there 
exists g E G such that {xg,yg, zg) = {x',y',z')). Next, recall that PGL(2,g) is the group 
of equivalence classes of invertible 2 x 2 matrices A defined over the held where 
A ~ B if there exists A G such that A = XB and where [A].^[i?].^ := [AB]^. Finally, we 
recall that at — [n, r. A) design 77 is an r-uniform hypergraph dehned over a vertex set of 
size n with the property that any set of t vertices appear together in exactly A hyperedges 
of 77. 

Theorem 1. For each prime power q = 3 (mod 4) there exists a 3 — (g -|- 1,4, 2^) design 
denoted 77q on q 1 vertices with the following properties: 

(a) any set of 5 vertices spans 0 or 2 edges; 

(b) FLq has ^('^ 3 ^) hyperedges; and 
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(c) l-Lq is 3-transitive with a subgroup of its automorphism group isomorphic to PGL(2, q). 

A straightforward modification of the proof of an upper bound on Turan numbers due 
to de Caen [7] shows that any 4-uniform hypergraph on n vertices in which every 5 vertices 
span either 0 or 2 hyperedges has at most ^ 1 ( 3 ) hyperedges (see Section 0]). Furthermore, 
any such hypergraph attaining the maximum number of hyperedges is a 3-design. Designs 
arising from both the groups PGL(2, q) and PSL(2, q) (the subgroup of PGL(2, q) consisting 
of classes of matrices with determinant 1 ) have been examined in a number of previous 
works, including papers by Cusack, Graham, and Kreher |13], by Cameron, Omidi, and 
Tayfeh-Rezaie HH, and by Cameron, Maimani, Omidi, and Tayfeh-Rezaie [12]. To the 
best of our knowledge, the hypergraph in Theorem [T] has not been previously studied. 

The proofs of the upper bounds on the number of hyperedges in the class of hypergraphs 
of interest are given, for completeness, in Section 01 This shows that the hypergraphs 
constructed in Theorem[T]are extremal. Furthermore, the same upper bound on the number 
of hyperedges applies for hypergraphs in which every set of 5 vertices contains at most 2 
hyperedges. Thus, the upper bound, together with Theorem [T] imply the following result 
on Turan numbers for the 4-uniform hypergraph on 5 vertices with 3 hyperedges, which is 
unique up to isomorphism. 

Corollary 2. For any prime power q = 3 (mod 4), 

(g + 1) /g + 1\ 

16 V 3 / 

For hxed n, {1234,1235,1245}-free 4-uniform hypergraphs on n vertices with exactly 
ex(n, {1234,1235,1245}) hyperedges need not be unique. Hughes [23| considered certain 
designs arising from groups and showed that there is a 3 — (12,4, 3) design with 165 blocks 
associated with the Mathieu group Mu which has Mu as a group of automorphisms. In 
Section 01 this design is examined and the following properties are shown. 

Theorem 3. There exists a 3 — (12,4,3) design M. on 12 vertices with the following 
properties: 

(a) any set of 5 vertices spans 0 or 2 edges; 

(b) M. has 165 hyperedges; 

(c) M. is 3-transitive with a subgroup of its automorphisms isomorphic to Mu; 

The hyperedges of the hypergraph A4 are listed in the Appendix for the interested 
reader. One can show that the hypergraph A4 is not isomorphic to the hypergraph FLu. 
In particular, using SAGE [53], it was verihed by direct examination that FLu has the 
property that every set of 6 vertices contains at least one hyperedge and that M. contains 
22 independent sets of size 6 . 


ex(g + 1, {1234,1235,1245}) 
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The extremal numbers given in Corollary [2] give a new proof of the fact that the Turan 
density for the 5 vertex hypergraph with 3 edges is 

7r({1234,1235,1245}) = ^. (1.1) 

The hrst proof for the Turan density in Equation fib.ip was given by Baber |1] who proved 
the lower bound using the following construction based on random tournaments. Let T 
be any random tournament on n vertices and construct a 4-uniform hypergraph 'Ht by 
taking all sets of four vertices {a, b, c, d} with the property that the edges are directed 
a ^ b, b ^ c and c ^ a and such that the edges between d and a, b, or c are either all 
directed towards d or all directed away from d. The two possible sub-tournaments that 
give hyperedges are shown in Figure [H One can check that I-Lt has the property that any 
5 vertices contain at most two hyperedges and that, in fact, every 5 vertices span 0 or 2 
hyperedges. 



Figure 1: Possible edge directions for hyperedge 


The expected number of such hyperedges given by a random tournament on n vertices 
is I (”) and so for every n, there is such a tournament yielding a hypergraph with at least 
this many hyperedges. 

In fact, since the construction yields hypergraphs with every 5 vertices spanning exactly 
0 or 2 hyperedges, it also shows that 


lim sup 

n—>-CO 


^max{e('H) | \V{'H)\ 


Uj 


1 

4' 


The Paley tournaments are a collection of tournaments that exhibit some pseudo¬ 
random properties (see, for example 0). In Section O we give a construction starting from 
a Paley tournament showing that the hypergraphs dig from Theorem [1] can be represented 
by tournaments using Baber’s construction. Furthermore, by examining a ‘switching’ op¬ 
eration on tournaments that preserves the resulting hypergraphs, we give easily verihable 
necessary conditions for a 4-uniform hypergraph to be represented in this form. In partic¬ 
ular, we show that a hypergraph "H with the property that any set of 5 vertices spans 0 or 
2 edges cannot be realized using a tournament whenever it contains a pair of vertices m, v 
such that N-^{u,v) contains an odd cycle (see Proposition |23|) . This is used to show that 
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not only is the hypergraph M from Theorem [3] not equal to "Hii, but that it also cannot 
be represented as Ht for any tournament on 12 vertices. 

The structure of the remainder of the paper is as follows. In Section [21 the construction 
of the family of 4-uniform hypergraphs described in Theorem [1] is given. In Lemma [9l it is 
shown that the hypergraphs are 3-transitive and that there is a subgroup of automorphisms 
isomorphic to PGL(2,q'). In Theorem [TOl it is shown that for each of the constructed 
hypergraphs, every set of 5 vertices spans either 0 or 2 hyperedges. In Theorem [TTl it 
is shown that the hypergraphs l-iq are 3-designs and it is shown that for every g, the 
hypergraph Tig has exactly ('^3 hyperedges. 

In Section [21 the properties of the hypergraph A4 described in Theorem [2] are given. 

In Section [H the modihcation of de Caen’s counting argument is given to prove an 
upper bound on the number of hyperedges for r-uniform hypergraphs in which any set of 
r -|- 1 vertices spans either exactly 0 or 2 hyperedges or else at most 2 hyperedges. 

In Section [5l Baber’s construction for hypergraphs from tournaments is examined and 
it is shown in Theorem [TH] that for every q, there is a tournament T*{q) for which Hg = 
'HT*{q)- We formally dehne what it means for two tournaments Ti and T 2 to be switching 
equivalent in Dehnition [20l Some implications of this switching operation are given for the 
hypergraphs resulting from tournaments and these are used to show that the hypergraph 
M. does not arise from a tournament. 

Finally, in Section El we note some remaining open problems and further possible 
directions. 


2 Paley hypergraphs 

Throughout, let g = be a prime power with g = 3 (mod 4). The purpose of this section 
is to construct a 4-uniform hypergraph on g -|- 1 vertices with (^3 edges and with 
the property that every set of 5 vertices spans exactly 0 or exactly 2 hyperedges. This 
construction uses the projective line over a hnite field. 

The hypergraphs given by the construction in Dehnition [7| are called Paley 4-graphs 
because of the hyperedges are dehned in terms of the quadratic residue properties of their 
vertices and because of the connection to the usual Paley tournaments that is described 
in Section [5l Several other generalizations of the Paley graph construction to hyper¬ 
graphs have been given previously. Chung and Craham |T3] dehne /c-graphs on vertex set 
{ 1 , 2 ,... ,p} whose hyperedges are those fc-sets whose sum is a quadratic residue modulo p 
as an example of a ‘quasi-random hypergraph’. Alon [ 1 ] gave a construction for fc-uniform 
hypergraphs in terms of quadratic non-residues. Potocnik and Sajna |29] gave a construc¬ 
tion for fc-uniform hypergraphs on n vertices for any prime power n in which edges are 
dehned by the coset in the multiplicative group, F*, of the van der Monde determinant of 
the fc-sets. In the case where A; = 4, this construction requires that n = 1 (mod 8 ). The 
hypergraphs constructed in this section are, in general, diherent from any of these others 
given previously in the literature. 
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Definition 4. Define an equivalence relation, on F 2 \{( 0 , 0 )} by (a, 6 ) (c, d) iff there 

exists A G Fg \ {0} with (a, b) = (Ac, \d). The projective line P^Fg is the set of equivalence 
classes of F^ \ {(0, 0)} under this equivalence relation. We write [a : b] for the equivalence 
class of the point (a, b) so that: 

P^Fg = {[x : 1] \ X e Fg} U {[1 : 0]}. 

Definition 5. Define D : F^ x F^ ^ Fg by 


D ((til, M 2 ), (^ 1 ,^ 2 )) 


Ml 

U2 


Vl 

V2 


= U1V2 - U2V1, 


called the determinant o/(mi,M 2 ) and (mi,M 2 ). 

Note that the determinant is not constant on the equivalence classes that define the 
projective line. Next, let y : Fg —)■ {—1, 0, +1}, be the square character of the multiplicative 
group Fg. Explicitly, 


I 0 if a; = 0 

x{x) = < +1 if a; is a square in Fg, and 
I —1 otherwise. 


Since y is a linear character, it is multiplicative. Also note that x(—1) = —1 since q = 3 
(mod 4). 

Definition 6. Define the function S : (Fg)^ —)■ {—1,0,1} by 

S{a, b, c,d) = X {D{a, b)D{b, c)D{c, d)D{d, a)) 

As the function S is constant over equivalence classes of F^, it extends in the natural way 
to (P^Fg)h 

With this definition, the key construction in this paper can now be given. 

Definition 7 (Paley 4-graph). Define "Hg to be the 4-uniform hypergraph on vertex set 
P^Fg where (a, b, c, d} is a hyperedge iff for every permutation n of (a, b, c, d}, 

S{7r{a),7r{b),7r{c),7r{d)) = —1. 

The following lemma gives a useful criterion for testing whether or not a given set of 4 
vertices lies in "Hg. 

Lemma 8. For every four distinct points a, b,c,dE P^Fg, the set (a, b, c, d} is a hyperedge 
in Hq iff 

S{a, b, c, d) = S{a, b, d, c) = S(a, c, b, d) = —1 

and {a,b,c,d} ^ Tiq iff among S{a,b,c,d), S{a,b,d,c), and S{a,c,b,d) exactly one is—1 
and the other two are -|- 1 . 
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Proof. Since S is invariant under cyclic permutations of its variables S{a, b, c, d), S{a, b, d, c) 
and S(a, c, b, d) determine the values of S under all permutations of the set {a, b, c, d}. This 
implies the hrst part of the lemma. 

For the second part, note that 

S{a, b, c, d)S{a, b, d, c) 

= X {D{a, b)D{b, c)D{c, d)D(d, a)) x {D{a, b)D{b, d)D{d, c)D{c, a)) 

= X {Dib, c)D{c, d)D(d, a)D{b, d)D(d, c)D{c, a)) 

= —X {D{a, c)D{c, b)D{b, d)D(d, a)) 

= —S{a, c, b, d). (2.1) 

Since these are all either +1 or —1, then equation fl2.ip shows that if one of S{a, b, c, d), S{a, b, d, c) 
and S(a, c, b, d) are +1, then exactly two are +1 and the other is —1. □ 

We next show that Piq is 3-transitive. Recall from the introduction that PGL(2, q) is 
the set of all invertible 2x2 matrices over equivalent up to multiplication by scalar 
matrices. Observe that PGL(2, q) acts naturally on as follows: 

sends [ui^ufl to [aui + bu 2 : cui -|- dufl- 

It is well known (see for example [T6l p. 245]) that this action is 3-transitive. 

Lemma 9. For any 'prime povuer q = 3 (mod 4), the hypergraph Piq is 3-transitive. 

Proof. Let u := {ui,U 2 ) and v := (^ 1 ,^ 2 ) be elements of F^ and let A G PGL(2,g). Then, 

D{uA'^, vA'^) = D ({aui -|- bu2, cui + du2), {avi + bv2, cvi + dv2)) 

= {aui -|- hu2){cvi -|- dv2) — [avi + bv2){cui -|- du2) 

= {ad — bc){uiV 2 — V 1 U 2 ) 

= det(2l)Zl(M, v). 

Thus, for any a:, ?/, m, n G F^, 

S{xA^, yA^, uA^, vA^) = x (det(y4)"^) S{x, y, u, v) = S{x, y, m, v). 

This shows that the map x 1 —)■ xA"’" is an automorphism of the hypergraph PLq. In particular, 
PGL(2,g) < Aut('Hg) and PLq is 3-transitive. 

□ 



We can now prove our hrst main result: 

Theorem 10. For any prime power q = 3 (mod 4) and five distinct vertices a, b, c,d,e & 
P^Fg, in PLq, the set {a, b, c, d, e} either contains 0 or 2 hyperedges. 
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Proof. If there are no edges in {a, b, c, d, e}, then we are done, so suppose without loss of 
generality that {a,b,c,d} G EifHq). Note that as long as a,b,c,d,e are all distinct, using 
the dehnition of the function S (Dehnition E]) and the multiplicativity of y we obtain 


S{a, b, c, d)S{b, c, e, d)S{a, d, b, e)S{a, e, d, c)S{a, b, e, c) = +1. 


( 2 . 2 ) 


This implies that not all 5 different 4-sets in {a, b, c, d, e} are edges or else the product 
in equation fl 2 . 2 p would be —1. Therefore, there is at least one non-edge, say {b,c,d,e}. 
By Lemma [HI after possibly relabelling points, we can assume that S{b,c,d,e) = — 1 and 
S{b, c, e, d) = S{b, d, c, e) = -fl. Furthermore, by LemmalU we may assume that 6 = [0 : 1], 
c = [1 : 1] and d = [1 : 0]. Thus, it can be assumed that a = [ai : 1] and e = [ei : 1] for some 

oi. Cl G Fg\{0,1}. Note that for any x G Fg, D({x, 1), (1, 0)) = —1 and D{(1, 0), (x, 1)) = 1. 

Then, 1 — ci is a square in Fg since 

+ 1 = S(|0 : 1|, [1 : 1], |ei : 1|, [1 : 0]) = x ((-1) ■ (1 - e,) • (-1) ■ (1)) = X (1 - d) ■ 

Also, ei is a non-square since S'([0 : 1], [1 : 1], [1 : 0], [ci : 1]) = —1. The fact that 

^([0 : 1 ], [1 : 1 ], [1 : 0 ], K : 1 ]) = 5([0 : 1 ], [1 : 1 ], [ai : 1 ], [1 : 0 ]) = -1 


implies that both oi and 1 — Oi are non-squares. 
Thus, since 


S{[ai : 1], [1 : 0], [ci : 1], [0 : 1]) = X ((-l)(l)(ei)(-ai)) = +1 

we must have that {a, b, d, e} is not an edge. 

Finally, note that 

S{[ai : 1], [0 : 1], [d : 1], [1 : 1]) = X (ai(-ei)(ei - 1)(1 - Oi)) = -1, 

S{[ai : 1], [0 : 1], [1 : 1], [ei : 1]) = X (ai(-l)(l - ei)(ei - Oi)) = x (ei - Oi), 

S{[ai : 1], [1 : 0], [d : 1], [1 : 1]) = x ((-l)(+l)(ei - 1)(1 - ai)) = -1, and 

S{[ai : 1], [1 : 0], [1 : 1], [ei : 1]) = X ((-1)(+1)(1 - ei)(ei - Oi)) = -x (ci - Oi). 

Hence if ei — Oi is a square in Fp, then {a, b, c, e} is a non-edge and {a, c, d, e} is an edge. 
Conversely, if ei — Oi is a non-square, then {a, b, c, e} is an edge and {a, c, d, e} is a non-edge. 

In either case, if the set {a, b, c, d, e} contains at least one hyperedge, then it contains 
exactly two and the proof is complete. □ 

Next, we count the number of edges in 'Hg. For this, two facts about sums of the 
function x are used. The only condition required for each is that q is an odd prime power. 
The hrst identity is 

xiO = 0 (2.3) 

X£¥q 

and the second is that for any y 0, 

x{x)x{x + y) = -1. 

xe¥q 
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(2.4) 





Both of these facts are standard exercises in nnmber theory. We remark that fl2.4l) is the 
convolntion y * y in the sense of Fonrier analysis on hnite gronps. 

Theorem 11. For any prime power q = 3 (mod 4), the hypergraph FLq has e{'Hq) = 
('^ 3 ^) every set of 3 vertices occurs in exactly (g + l)/4 hyperedges. 

Proof. Consider hrst hyperedges of the form {[0 : 1], [1 : 1], [1 : 0], [a : 1]} with a 7 ^ 0,1. If 
snch a set is a hyperedge then by Lemma El 


-1 = ^([a : 1 ], [0 : 1 ], [1 : 0 ], [1 : 1 ]) = y (a) (-l)(+l)x (1 - a) = y (a) y (a - 1 ); 

-1 = 5([a : 1 ], [0 : 1 ], [1 : 1 ], [1 : 0 ]) = y (a) (- 1 )(- 1 )(+ 1 ) = y (a); and 

-1 = S{[a : 1], [1 : 1], [0 : 1], [1 : 0]) = y (a - 1) (+1)(-1)(+1) = -y (a - 1). 


Note that any two of these eqnations implies the third. Thns, [a : 1] is in a hyperedge with 
{[0 : 1], [1 : 1], [1 : 0]} iff both a and 1 — a are non-sqnares in Fg. Consider 


^(l-y(a))(l-y(l-a)) 


1 if a and 1 — a are both non-sqnare, and 
0 otherwise. 


The nnmber of hyperedges in Hq of containing {[0 : 1], [1 : 1], [1 : 0]} is then exactly 


\ (l-T(a))(l-x(l-a)) 

aGFqVjO,!} 

= 1 (I-X(a)-x(l-a) + x(a)x(l-a))- (2-5) 

Consider the terms in eqnation 02.51) separately. Note that, by eqnation 02.3p . 

X(a) =-X(l) = - 1 , and ^ y (1 - a) =-y ( 1 ) =- 1 . 

aSFqXfO,!} aGFqVjO,!} 

Then, by eqnation 02.41) . 

X(a)y(l-a) = - Y X(a)x(a- 1 ) = -(-1 -0-0) = 1 . 

aGFqVjO,!} aGFg\{0,l} 

Thus, substituting into equation 02.51) gives, 

i (l-X'(o))(l-x(l-o)) = j((«-2)-(-l)-(-l) + l) = ^. 

aeFg\{0,l} 

Thus, the three vertices {[0 : 1], [1 : 1], [1 : 0]} are contained together in exactly (g+l)/4 
hyperedges of Tip and since the hypergraph is 3-transitive, the same is true of any other 3 
vertices. That the total number of hyperedges is 

follows immediately. □ 
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3 A 4-hypergraph associated to Mu 


In this section, we describe a single 4-uniforni hypergraph on 12 vertices with the prop¬ 
erty that any 5 vertices span either 0 or 2 hyperedges and that has the same number of 
hyperedges as "Hu (another hypergraph on 12 vertices). 

Hughes [23] examined certain designs arising from groups and showed that there is a 
3 — (12,4, 3) design which occurs as an orbit on 4-subsets under the natural action of the 
Mathieu group Mu on 12 points. We denote this design by A4 here. A listing of the 
hyperedges of M is given in an appendix. One can verify directly that the hypergraph A4, 
with 165 hyperedges, has the property that every set of 3 vertices is contained in exactly 
3 hyperedges and that every set of 5 vertices contains either exactly 0 or 2 hyperedges. 

This 3-design was also examined by Devillers, Giudici, Li, and Praeger [T5] and their 
results can be used to give alternative proofs of these facts. In [T5|, a graph P is dehned with 
vertex set being the hyperedges of M and two vertices A, B being adjacent iff \ AP\B\ = 3. 

Theorem 12 (in Theorem 2.5 of [I5]). The graph P is an 8-regular graph on 165 vertices 
with the property that any two digues of size 3 intersect in at most one vertex. 

Theorem [T2] is used to give another proof of the fact that any set of 5 vertices of Ai 
contains either 0 or exactly 2 hyperedges. 

Proposition 13. Let a, 5, c, d, e be vertices of Ai with {a,b,c,d} G Ai. There is exactly 
one other hyperedge of Ai in the set {a, b, c, d, e}. 

Proof. Note that since AT is a 3 — (12,4, 3) design, then for each subset of X C {a, b, c, d}, 
of size 3, there are two vertices x,y E V(Ai) so that X U {x},X U {y} G Ai. Then the 
three sets {a,b,c,d}, X U {x}, and X U {?/} correspond to a clique of size 3 in P. Since 
these four cliques intersect in the vertex {a, 6 , c, d}, they are otherwise pairwise disjoint. 
Let xi,X 2 ,X 3 ,Xi,X 5 ,XQ,Xj,X 8 be such that At contains the hyperedges 

{a, 6 ,c,a;i}, {a,b,d,X 3 }, {a,c,d,X 5 }, {b,c,d,X 7 } 

{a, 6 , 0 , 0 : 2 }, {a,b,d,X 4 }, {a,c, d, xe}, {b,c,d,X 8 }. 

Since these sets are all distinct, Xi 7 ^ X 2 , X 3 7 ^ X 4 , x^ 7 ^ Xq, and Xj 7 ^ Xg. Furthermore, 
since P is 8 -regular, these are the only 8 neighbours of the vertex {a, b, c, d}, as in Figure 

H 

Suppose, for some i ^ j, that Xi = Xj (with j 7 ^ i -|- 1). Let A,B<T {a, b, c, d} be the 
two different sets of size 3 with A U {x,}, B U {xj} G Ai. Then, since \Ar\B\ =2, there is 
an edge in F between A U {x*} and B U {xj}. As shown previously, there is x,/ 7 ^ x, with 
A U {xj/} G Ai. Then, in F, the three vertices {a, b, c, d}, A U {xj} and B U {x*} form a 
clique on 3 vertices that shares two vertices with the clique formed by {a, b, c, d}, A U {xj} 
and A U {x*/}. This contradicts Theorem [12] and so each of xi, X 2 ,..., xg are distinct and 
different from a, b, c or d. In particular, there exactly one i G [1, 8 ] with Xj = e. Thus, 
there is exactly one hyperedge containing e and three vertices from {a, b, c, d}. 

This completes the proof that every set of 5 vertices in Ai either contains no hyperedges 
or contains exactly 2 . □ 
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abdxi abdx^ 


acdxQ 


acdx5 



abcx2 


abcxi 


bcdxi bcdxg 


Figure 2: Neighbourhood of a vertex in F 


Furthermore, using a connection to Witt design Wn, it is shown in [15] that the full 
automorphism group of A4 is the group Mu. 

As described in the introduction, a direct examination shows that Ai is not isomorphic 
to Tfii, although they both have 165 hyperedges. In Section [5] to come, another property 
of hypergraphs is examined to prove that the two hypergraphs Ai and T-Lu are different. 

4 Extremal bounds 

We now consider the maximum number of hyperedges possible in a 4-uniform hypergraph 
with the property that every 5 vertices span either 0 or 2 hyperedges, and deduce that the 
hypergraph T-Lq considered in Section 1 is maximal among 4-hypergraphs on g -|- 1 vertices 
with this property. The bound given in Proposition [H] follows directly from an argument 
used by de Caen to give upper bounds for the Turan numbers for complete hypergraphs. 
The full proof is included here both for completeness and to highlight the fact that those 
hypergraphs which attain the upper bound are necessarily designs. Though we shall only 
use this result in the case when r = 4, we state and prove the result for arbitrary r-uniform 
hypergraphs. 

Proposition 14. Let r >2 and let LL be an r-uniform hypergraph on n vertices with the 
property that every set of r + 1 vertices contains at most 2 hyperedges. Then, 



with eguality iffTL is such that every set of (r — l) vertices occurs in exactly n/r hyperedges. 
Proof. The proof involves double-counting the set 


{(A, B) \ \A\ = \B\ = r, \AnB\ = r-l, A e B and B ^ B} . (4.1) 
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The size of the set in fl4.ip can be bounded from below as follows. Let Ei, E 2 ,..., E^ 
be the hyperedges of "H. Fix i < m and x ^ E^. Since the set E^ U {a:} contains r + 1 
vertices and at least one hyperedge, then by assumption, it contains at most 2. That is, 
there is at most one vertex y E Ei so that i?jU{x}\{?/} G H. That is, for each ^ G Ei\{y}, 
the pair {Ei, Ei U {x} \ {z}) is in the set in fl4.ip . Furthermore, all pairs in this set are of 
this form. Thus, 

\{{A,B) \ \A\ = \B\=r, \AnB\=r-l, Aen and B^n] 

m 

i=l x^Ei 

m 

i=l x^Ei 

= m{n — r)(r — 1) = e{'H){n — r)(r — 1). (4.2) 

Note that the inequality in fl4.2p is, in fact, an identity in the case that every r + 1 
vertices span either 0 or exactly 2 hyperedges. 

For an upper bound on the size of the set in equation fl4.ll) . order the (r — l)-sets of 
vertices {Ci | 1 < i < (^” 1 )} and for each i < let a* be the number of hyperedges 

of B containing the set Ci. Note that, by double counting, — ne('H). Further, the 
number of pairs {A, B) with A E B, B ^ B and AO B = Ci is ai{n — r + 1 — ai). Thus, 


ir-l) 

l{(A B)\AeB, \B\ = r,B ^B,AnB = Ci}\ 


= ai{n — r + 1 — tti) 

i=l 

ir-l) 

= {n — r + l)re{B) — ^ 

i=l 


< {n-r + l)re('H) - . \ . {re{B)f 

\r-l) 

(by Jensen’s ineq.) (4.3) 

= {n r + l)re{B) /„xe('H)^ 

Vr-lJ 

(4.4) 


Further, by convexity, equality holds in (14. 3 p iff all of the a^s are equal. 
Combining equations fl4.2p and fl4.4p shows that 


e{n)< 



(4.5) 


and by the convexity properties of fl4.3p . equality holds in equation fl4.5p iff every set of 
r — 1 vertices is contained in exactly the same number of hyperedges. By double counting. 
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this means that equality holds iff every set of r — 1 vertices is contained in exactly n/r 


hyperedges of "H. 


□ 


Combining Proposition [H] with Theorems [10] and [TT] we obtain: 

Corollary 15. For each q = 3 (mod 4), Fiq is maximal among 4-hypergraphs on q 4- 1 
points with the property that every set of 5 vertices contains at most 2 hyperedges. 

Note in particular that the upper bound given in Proposition [HI is attained for infinitely 
many values of n. 

Furthermore, we have proved Corollary [2] which gives the following collection of exact 
Turan numbers. 

Corollary 16. For any prime power q = 3 (mod 4), 



5 Tournaments 

5.1 The extended Paley tournament and Tiq 

We begin with the Paley hypergraphs Fiq considered in Section [2] For any prime power 
q = 3 (mod 4), recall that the Paley tournament, denoted here by T{q), is the tournament 
whose vertices are elements of Fg where the edges are directed x ^ y iff y — x is a. square 
in Fg. Note that this is a well-dehned since —1 is not a square in Fg when q = 3 (mod 4). 
We shall consider a class of tournaments that contain a Paley tournament. 

Definition 17. For any prime power q = 3 (mod 4), dehne a tournament, denoted 
T*{q) with vertex set V := {(x, 1) | x G Fg} U {(1,0)} where for every pair of vertices 
(oi, 02 ), (&i, b 2 ), the edge is directed (oi, 02 ) —)■ (&i, ^ 2 ) iff D (( 61 , 62)5 (^i, ^ 2 )) is a square in 


In other words, on {(x, 1) | x G Fg}, the tournament T*{q) is isomorphic to the Paley 
tournament T(g) and all edges incident to the vertex (1,0) are directed towards it. Our 
next goal will be to show that "Hrqg) is isomorphic to the hypergraph Hq constructed 
in Section 1. For this, we need the following observation which is a characterisation of 
tournaments of the form shown in Figure [T] 

Given a tournament on four vertices {xi, 0 : 2 , Xs, 0 : 4 } and a cyclic permutation of the 
vertices ( 7 r(xi) 7 r(x 2 ) 7 r(x 3 ) 7 r(x 4 )), say that a pair { 7 r(xj), 7 r(xj+i)} of consecutive vertices 
in the permutation is ‘reverse-oriented’ with respect to the permutation if the direction of 
the edge in the tournament is 7 r(xj+i) 7 r(xj). 

Fact 18. Let T be a tournament on four vertices {a, b, c, d}. Then, T has the property that 
in any cyclic permutation of the vertices, the number of reverse-oriented pairs is odd iffT 
is isomorphic to one of the two tournaments in Figure [I] 
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Theorem 19. For any prime power q = 3 (mod 4), the hypergraph 'HT*{q) constructed 
from the tournament T*{q) is isomorphic to the hypergraph l-Lq. 

Proof. We show that the natural mapping 4 > from Tig to 'HT*{q) which sends a vertex [x : 1 ] 
to (x, 1) and [1 : 0] to (1,0) induces an isomorphism. 

Let {[oi : 02], [bi : 62], [ci : C2], [di : ^2]} be an edge of Tig so that for any permutation 
TT, 

S'(7r([ai : a2]),7r([6i : 62]),7r([ci : C2]),7r([di : ^ 2 ])) = -1- 

This is equivalent to saying that in the subgraph induced by the image of {[oi : 02], [61 : 
^2], [ci : C2], [di : ^2]} under <h, any cyclic permutation has an odd number of reverse- 
oriented consecutive pairs. Now by Fact [TBl this subgraph is isomorphic to one of the two 
graphs in Figure 1 and {$([01 : 02]), $([&! : &2]), ‘h([ci : C2]), $([^1 : ^2])} is a hyperedge in 

'^T*{q)- 

Conversely, let {x, be a non-edge in 'Hg. Then, possibly after relabelling, the 

edges between the four vertices are as in one of the three possibilities in Figure [3l 


y b 


X o 


o 2; 


b w 


y b- 


X b- 


-b 2 : 


-b w 


y b 


X b 


b -2 


o w 


Figure 3: Three possible edge orientations for a non-hyperedge of Fig 

In the hrst case, on the left, the set {x,?/,^, tc} is not a hyperedge in FiT^iq) because 
no vertex has all edges directed towards or away from the other three. In the second case, 
in the middle, the set is not a hyperedge in FiT*(q) because no three vertices are part of a 
cyclic ordering. Finally, in the third case on the right, the vertex x could have all edges 
directed out, but the vertices {y^z,w} are not a subset of a cyclic ordering. Similarly, 
the vertex z could have all edges directed in, but the remaining vertices are not cyclically 
ordered. This shows that non-edges in Fig are mapped to non-edges in FLT*(q)- 

Thus, the two hypergraphs are isomorphic. □ 

Note that, in light of the remarks at the start of this section. Theorem [19] supplies a 
different proof of the fact that in Fig any set of 5 vertices span 0 or 2 edges. 

5.2 Switching tournaments 

Recall from the introduction that Baber’s construction associates to each tournament T a 
4-hypergraph FLt with the property that 5 vertices span 0 or 2 hyperedges. In this section 
we consider the opposite problem of associating a tournament to any hypergraph satisfying 
this condition. 

The notion, examined by Frankl and Fiiredi ra. of 3-uniform hypergraphs in which 
every 4 vertices span 0 or 2 hyperedges is a special case of what is called a ‘two-graph’ (not 
to be confused with a graph). Two-graphs were introduced by Higman (see [35]) and are 
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defined to be 3-uniform hypergraphs with the property that every set of 4 vertices spans an 
even number of hyperedges. As described by Cameron and van Lint ra. a two-graph can 
be constructed from a graph G = (V, E) by defining a hypergraph on V whose hyperedges 
are the sets of 3 vertices that contain an odd number of edges in G. Furthermore, every 
two-graph arises from such a construction. A survey on two-graphs was given by Seidel 
and Taylor [3T| . 

For example, the 3-uniform hypergraph on 6 vertices with 10 hyperedges given by Frankl 
and Fiiredi in [12] corresponds to the graph shown in Figure HI Note that the graph in 
Figure m is the Paley graph for F 5 with an additional isolated vertex (labeled 5). This is the 
only such construction from a Paley graph with the property that every set of 4 vertices 
contain either 0 or 2 subsets of size 3 that span an odd number of edges. Indeed, all other 
Paley graphs either contain a copy of K 4 or else an induced subgraph consisting of K 3 and 
an isolated vertex. 


0 



Hyperedges: 


015 

013 

125 

124 

235 

230 

345 

341 

045 

012 


Figure 4: Two-graph representation of 3-uniform hypergraph from [19] 


In [ 8 ] Cameron introduced the notion of an oriented two-graph which, like the hy¬ 
pergraphs Ht may also be associated to a tournament T. Indeed, if T is regarded as an 
antisymmetric function / from ordered pairs of distinct vertices to {± 1 } (where f{x, y) = 1 
if and only if there is a directed edge from x to y) then the associated oriented two-graph 
is given by the function g defined on ordered triples of distinct vertices x, y, z as follows: 

9 {x,y,z) = f{x,y)f{y,z)f{z,x) 

(see [3] Section 2]). We contrast this to the definition of Tix which may be regarded as a 
function defined on unordered quadruples of distinct vertices. 

The following operation on tournaments was introduced by Moorhouse 123 in connec¬ 
tion to oriented two-graphs. 

Definition 20. Given a tournament T on vertex set V and a set A C I/, then T switched 
with respect to A is the tournament obtained from T by reversing the orientation of all 
edges between A and H \ A. 

Two tournaments Ti and T 2 both on vertex set V are said to be switching eguivalent 
iff there exists A C 1/ so that T 2 is precisely Ti switched with respect to A. 
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Moorhouse [27] also notes that if M is the (0, ±l)-adjacency matrix of a tournament 
T and T' is a switching equivalent tournament, then there is a (±l)-diagonal matrix D 
so that the (0, ±l)-adjacency matrix of T' is DMD. Note that switching with respect to 
the empty set (or equivalently the entire vertex set) is a legal operation, but leaves the 
tournament unchanged. One can further verify directly that being switching equivalent is 
indeed an equivalence relation. To show transitivity, note that switching with respect to a 
set A and then switching with respect to a set B corresponds to switching with respect to 
the set (A n i?) U {A‘^ O B^). 

The notion of switching for tournaments is closely related to a concept of switching in 
graph theory (see [101 Chapter 4]). 

It was shown by Moorhouse [27] that two tournaments are switching equivalent if and 
only if they induce the same oriented two-graph. In one direction, an analogous statement 
holds for the hypergraphs Bt- 

Lemma 21. Let T, T' he two tournaments which are switching equivalent. Then TLt = Bt' ■ 

Proof. It suffices to consider the effect of switching on tournaments on 4 vertices. Note that 
for any cyclic permutation of 4 vertices (a;i X 2 0 : 4 ), any switching operation changes the 
orientation of the edges between either 0, 2 or 4 of the pairs {xi, X 2 }, {x 2 , Xs}, { 0 : 3 , x^}, and 
{ 0 : 4 , Xi}. Thus, if the number of reverse-oriented edges is odd before switching, it remains 
odd after switching also. Thus, by Fact [181 both edges and non-edges in hypergraphs Bt 
are preserved by switching. □ 

The converse to Lemma EH fails because the hrst tournament in Figure 1 is clearly not 
switching equivalent to the tournament obtained by reversing all edges. 

In fact, even if one allows the additional operation of “reversing all the edges,” the 
converse still fails as the two tournaments on 5 vertices, given in Figure [5] show. The two 
tournaments differ only in the orientation of the edge between vertices 1 and 5 and yet 
both yield the 4-uniform hypergraph {1234,2345}. 

1 1 




Figure 5: Two tournaments that determine the hypergraph {1234,2345} 
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The following application of switching is used in further results to come and shows that 
the construction of the extended Paley tournament with one vertex having all incident 
edges directed towards it is not a particularly unusual condition. 

Lemma 22. Let T be a tournament on vertex set V and let w E V. There is a tournament 
T' that is switching equivalent to T in which all edges incident to w are directed towards 
w. 

Proof. Let A be the set of vertices in a G Id \ {w} for which the edge between a and w is 
directed away from w. Switching T with respect to A yields a tournament with all edges 
incident to w directed towards it. □ 

Similarly, one could obtain a tournament with all edges directed away from a particular 
vertex. 

As an application of switching, we have the following result which gives a necessary 
condition on a 4-hypergraph PL for the existence of a tournament T with PL = PLt'- 

Proposition 23. Let PL he a f-hypergraph with the property that PL = PLt for some tour¬ 
nament T with vertex set V. Then for each u,v E V the graph on T\{u,v} with edge 
set 

Lh{u, v) := {{x, y} \x,y E fo\{M, v}, {u, n, x, y} E PL} 

(the link of {u,v}) is a bipartite graph on ld\{M,x}. 

Proof. Suppose that PL = PLt for some tournament T with vertex set V. By Lemma W2\. we 
can assume that all edges incident to u are directed towards u in T. If Ntc{u,v) contains 
no cycles, then it is a tree and so bipartite. Suppose that L'^{u,v) contains a cycle with 
vertices 01 , 02 , 03 ,... ,ak (in that order). 

Consider now the orientations of edges in T between consecutive vertices in the cycle 
and the vertices of the cycle and v. Let i < k — 1 and suppose that the edge between 
Oi and Oj+i is directed Oi —)■ Oj+i. Since {m, x, Oj, Oj+i} E PLt and all edges incident to u 
are directed towards u, then the remaining edges incident to v are directed v ^ Oi and 
Oj+i —)■ V. Similarly, if the edge between a* and Oj+i is directed Oj+i —)■ Oj, then the edges 
incident to v are directed Oi ^ v and v —)■ Oj+i. In either case, the vertices of the cycle 
alternate between being in-neighbours of v and out-neighbours of v. Since this also holds 
for the pair {o^, fli}, then k is even. 

Thus, if the graph L-^{u, v) contains any cycles, they are even cycles and hence Ly^{u, v) 
is a bipartite graph. □ 

The converse of Proposition |23] is not true. For example, the 4-uniform hypergraph 
given by sets in flS.ip has the property that every 5-set of vertices spans either 0 or 2 
hyperedges and the neighbourhood graph of every pair of vertices is bipartite, but one can 
verify directly that the hypergraph can not be represented by a tournament. 

{6,7,8,11}, {6,7,9,12}, {6,7,10,11}, {6,7,10,12}, 

{6,8,9,12}, {6,9,10,11}, {6,9,11,12}, {7,8,9,11}, (5.1) 

{7,8,10,12}, {7,8,11,12}, {8,9,10,11}, {8,9,10,12} 
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The hypergraph given in Equation fIS.ip consists of the hyperedges in M that contain none 
of the vertices from {1, 2, 3,4, 5}. 

Proposition [2S] can be used to show that even extremal hypergraphs for the property 
that any 5 vertices span either 0 or 2 hyperedges need not arise from tournaments. 

Corollary 24. There is no tournament T such that M = TLt- 

Proof. For any two vertices a,b E [1,12], consider the graph on E(A4)\{a, b} given by the 
link of {a, b}. Thus the edges consist of pairs 

b) = {{c, d} I c, d G E(A4)\{a, b}, {a, b, c, d} G A4} . 

By |T5l Lemma 4.8] (or alternatively via a direct GAP |2T] computation), Lj^{a,b) is 
isomorphic to the Petersen graph, which is not bipartite. Thus, by Proposition [23l there 
is no tournament T with M. = PLt- □ 


6 Open questions 

Note that using the recursive construction of Frankl and Fiiredi [19] with a Paley hy¬ 
pergraph, one can show that for any £ > 0 and sufficiently large n, there is a 4-uniform 
hypergraph with |(4)(1 —£) hyperedges with the property that any 5 vertices span at most 
2 hyperedges. This fact can also be deduced since for any e > 0 and n sufficiently large, 
there is a prime g = 3 (mod 4) with q G [n, (1 -|- e)n]. However, for divisibility reasons, if 
the upper bound given in Proposition [H] is attained, then the number of vertices in the 
graph is divisible by 4. 

Question 25. For which natural numbers n = 0 (mod 4) does there exist a 3 — (n, 4, n/4) 
design with the property that every set of 5 vertices spans either 0 or 2 hyperedges? 

One hint that n must be of the form g-|-1 (g a prime power) comes from the observation 
that all known extremal examples have automorphism groups which are 3-transitive and 
by 0 Tables 7.3 and 7.4] the only such permutation groups (G, n) (with G acting on n 
points) are (Mu, 12), (M 22 , 22) and extensions of (PSL(2, g), g-|- 1). We note that an easy 
GAP [21] computation reveals that M 22 does not have an orbit of the form we require. 

In general. Question [25| may be quite difficult to answer. The construction given in this 
paper does not seem to generalize naturally to values of n which are not one more than a 
prime power. 

One might further ask for an improved upper bound in the cases when n is not divisible 
by 4. A slight improvement in Proposition [TTI follows immediately by convexity. 

While a complete classihcation of 4-hypergraphs with the property that every set of 5 
vertices spans either 0 or 2 hyperedges (which parallels that given for 3-hypergraphs in 
[19]) appears difficult, it may be of interest to compare the ways in which these hyper¬ 
graphs arise. As previously mentioned, two natural sources of examples are given by: 
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(i) finite subsets of S'^ (where edges are given by 4-subsets of points whose convex hull 
contains the origin); 

(ii) the hypergraphs Ht where T is a tournament. 

Question 26. What is the relationship between these two families of 4-hypergraphs? For 
example, can every hypergraph which arises from points on the unit sphere be realized 
using a tournament? 

Finally, we make some remarks about future work |22]- Since writing this paper, the 
authors made two key observations. 

Firstly, there are other switching classes S of tournaments on r-vertices (apart from 
that given in Figured]) with the property that 0 or 2 subtournaments of any tournament 
on r -|- 1 vertices he in S. For example when r = 6, it can be shown that the switching class 
of the tournament in Figure (HI has this property. Thus by taking a random tournament on 
n vertices and considering only those subsets of the vertex set which induce tournaments 
in S we can obtain new bounds for Turan densities. For example using the switching class 
S of the tournament in Figure [6] it is shown in [22] that 

— < 7r({123456,123457,123467}) < -. (6.1) 

64 6 

Secondly, let T*(g) be the tournament of Dehnition [T7I the vertices of which are acted 
naturally upon by PGL(2,g). Then for each 3 < r < g -|- 1 and switching class S of 
tournaments on r vertices, it can be shown that the set of r-subsets of V(T*(q)) which 
induce subtournaments of T*{q) in iS is a union of orbits of PGL(2,g). Theorem [T] (c) 
follows as a special case of this observation (on taking r = 4 and S equal to the switching 
class of Figured]) and the hypergraph so obtained provided us with inhnitely many Turan 
numbers. Surprisingly, different choices of q and S, yield further Turan numbers. For 
example in [22] it is shown that when g = 11 there are exactly 264 6-subsets of 17(T*(11)) 
which induce subtournaments in the switching class of the tournament in Figure [6l This 
observation, combined with the remarks in the previous paragraph and Proposition dH 
yields: 


ex(12, {123456,123457,123467}) = 264. 
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Figure 6: A special tournament on 6 vertices 
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Appendix: Hypergraph A4 on 12 vertices 


{1,2, 3, 7} 

{1,3,8,10} 

{1,7,9,11} 

{3,5,8,10} 

{4,5,9,10} 

{2, 3,4, 5} 

{1,2,9,11} 

{4, 6, 7, 9} 

{3,7,8,10} 

{2,3,10,11} 

{3,6,9,10} 

{2, 6, 8, 9} 

{1,4, 7, 8} 

{1,2,7,12} 

{1,5,9,12} 

{1,5, 7, 8} 

{2,5,8,10} 

{5,7,9,11} 

{1,2,5,10} 

{1,3,10,12} 

{3,4, 6, 8} 

{1,2, 6, 7} 

{1,5,8,11} 

{2,7,11,12} 

{ 2 , 10 , 11 , 12 } 

{2,4,8,11} 

{2, 3, 7, 8} 

{3,4,9,11} 

{5,10,11,12} 

{1,4,7,12} 

{2,3,8,12} 

{5,7,8,12} 

{8,9,10,11} 


{1,5, 8, 9} 

{3,8,9,11} 

{2,4,5,12} 

{5,8,10,11} 

{7,8,9,11} 

{ 2 , 6 , 8 , 11 } 

{1,4,9,12} 

{3, 6, 8, 9} 

{3, 5, 8, 9} 

{7,8,10,12} 

{2,7,9,10} 

{4, 5, 6, 7} 

{3,5,8,12} 

{2,3,5,11} 

{6,9,11,12} 

{2, 3, 5, 9} 

{4, 5, 8, 9} 

{1,5, 6, 9} 

{3,9,10,12} 

{2,3,6,12} 

{6,7,10,11} 

{1,4,9,10} 

{1,2,5,11} 

{3,5,6,11} 

{2,4,7,11} 

{3,4,8,12} 

{3,4,10,11} 

{4, 5, 6, 8} 

{6,7,9,12} 

{1,3,4,5} 

{5,6,8,12} 

{3,5,11,12} 

{1,8,9,10} 


{1,4, 5,6} 
{1,2, 8, 9} 

{3,4, 7, 9} 

{ 1 , 6 , 8 , 10 } 

{1,6, 7, 9} 

{3,6,7,12} 

{2,7,9,12} 

{3,5,6,10} 

{ 2 , 6 , 8 , 10 } 

{4,6,10,12} 

{1,2,4,10} 

{3, 5, 6, 7} 

{ 1 , 6 , 8 , 12 } 

{ 1 , 6 , 10 , 11 } 

{2,5,9,10} 

{1,2,4,6} 

{3, 6, 7, 8} 

{1,3, 6, 9} 

{5,6,9,11} 

{2,4,10,12} 

{5,7,9,12} 

{2,9,10,11} 

{1,4,6,12} 

{1,3, 5, 7} 

{4,5,7,12} 

{2,3,8,11} 

{1,2,3,10} 

{5,9,10,12} 

{6,7,10,12} 

{1,7,9,10} 

{4,5,11,12} 

{ 1 , 2 , 6 , 11 } 

{ 1 , 10 , 11 , 12 } 


{2,5,7,11} 

{2, 5, 6, 7} 

{2,3,6,10} 

{4,8,10,11} 

{2, 3,4, 6} 

{1,4,5,11} 

{1,2,4,8} 

{1,2, 3, 9} 

{3,7,10,11} 

{4,8,9,12} 

{2,4,9,11} 

{2, 7, 8, 9} 

{1,3,7,11} 

{1,7,10,12} 

{1,6, 7, 8} 

{2,4, 6, 9} 

{3,4,5,10} 

{4,7,8,10} 

{1,5,7,10} 

{1,3,4,8} 

{2,4, 5, 8} 

{ 1 , 2 , 8 , 12 } 

{5,6,8,11} 

{2,5,6,12} 

{3,9,11,12} 

{3, 5, 7, 9} 

{1,4,7,11} 

{2,3,9,12} 

{5,7,10,11} 

{7,8,11,12} 

{1,9,11,12} 

{ 2 , 6 , 11 , 12 } 

{8,9,10,12} 


{4,5,7,10} 
{3,4,6,11} 
{2,4,7,10} 
{6,8,9,12} 
{2, 3,4, 7} 
{1,4,10,11} 
{ 2 , 5 , 6 , 9 } 
{2,6,7,10} 
{ 2 , 8 , 10 , 12 } 
{3,7,9,10} 
{1,3,4,9} 
{6,9,10,11} 
{1,3,6,11} 
{4,5,9,11} 
{6,7,8,11} 
{4,6,8,10} 
{1,5,6,10} 
{1,3,8,11} 
{5,6,10,12} 
{4,6,9,10} 
{4, 7, 8, 9} 
{4,8,11,12} 
{1,3,6,12} 
{1,3,5,12} 
{4,6,11,12} 
{4,6,7,11} 
{2,4,9,12} 
{3,4,10,12} 
{2, 5, 7, 8} 
{1,2,5,12} 
{3,4,7,12} 
{3,7,11,12} 
{ 1 , 8 , 11 , 12 } 
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